The principal aim of this paper is to do an exact WKB-theoretic study of a linear differential equation of the form (i.i) on a neighborhood of a simple pole of the potential Q(x). Here and in what follows rj denotes a large parameter. Such a study of (1.1) has been completely done near a point where Q(x) is holomorphic and has a simple zero (i.e., near a simple turning point) or near a point where Q(x) has a double pole. (See [9], [1], [2], and references cited there.) However no exact WKB-theoretic study of (1.1) near a simple pole has ever been done. (See [4] and [8] for some nonexact WKB-theoretic study.) The difficulty arises from the fact that a simple pole plays also a role of turning points in the exact WKB analysis as it appears as a consequence of the confluence of a simple turning point and a double pole. (Cf. § 3 below.) In this paper we establish a connection formula for the Borel transform of WKB solutions of (1.1) near a simple pole of Q(x), using the canonical equation found in [5] .
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The plan of this paper is as follows: In §2, after introducing some basic notions and notations in the exact WKB analysis, we state our main theorem on the connection formula for the Borel transform of WKB solutions of (1.1) near a simple pole. In §3 we first recall the results in [5] which enable us to bring the equation (1.1) to the canonical form near a simple pole of Q(x) through a "formal coordinate transformation". As a matter of fact, having the application of our results to the study of (1.1) with a periodic potential Q in mind, we discuss somewhat more general equations of the form where QQ(X) and Qi(x) denote holomorphic functions near the origin satisfying 2o(0) 7^ 0. Note that, if the potential has the form P(cos x) with a polynomial P(z), then a coordinate transformation z = cos.x will bring (1.1) to the form
Although the construction of a "formal coordinate transformation" has been done in parallel with [1] where a simple turning point is discussed, giving an analytic meaning to the "formal transformation" is much more difficult in our case; as the singularity spectrum of the Borel transform of a WKB solution of (1.2) is so wide that we cannot employ the microlocal approach used in [1] . We overcome this difficulty by making full use of the explicit form of WKB solutions of (1.2). Having the explicit form of the Borel transform of WKB solutions of (1.2) in mind, we study the Borel transform of the "formally transformed" WKB solutions of (1.2) that give WKB solutions of (1.3) and establish the connection formula. As it will become evident in the course of our discussion, the resulting connection formula is a variant of Gauss' connection formula for hypergeometric functions (with some particular parameters, cf. §3). In the final section we give a proof of key estimates. Some applications of the results in this paper to Heun's equation can be found in [6] , and applications to the case where Q(x) is periodic will be given in our subsequent article.
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Here the integral in the right-hand side of (2.8) should be regarded as a contour integral. In the following we say the WKB solutions (2.8) as those normalized at the origin. WKB solutions (2.8) are not convergent in general. To overcome this problem we employ the exact WKB analysis initiated by Voros ([9] , see also [3] ), which is based on the Borel summation method.
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converges where the path of integration is parallel to the positive real axis, we say (f>(x,rj) is Borel summable and call the integral (2.14) the Borel sum of (2.9). Using these terminologies, we now state the main theorem:
Theorem 2.1. There exists a positive constant r 0 for which the following hold:
\l/_^B(x, y)) is convergent and defines a holomorphic function in
( In [5] we state that x -0 has a similar structure with usual turning points. The proof of Theorem 2.1 is based on the transformation theory developed in [1] ; the idea is to reduce the equation in question to a canonical equation near the origin.
As discussed in [5] (and also explained in Introduction), the canonical equation of (2.1) near x -0 is d 2 where /I is a constant 2i(0) (cf. Proposition 3.1 below).
For (3.1) we can explicitly describe the Borel transform of WKB solutions \l/+ in terms of Gauss' hypergeometric functions as follows: .7) with some constants C\ and Ci. Hence we can verify Theorem 2.1 for the canonical equation (3.1) by using this explicit description. (See [5] , §3 for the details.) In a general case, we prove Theorem 2.1 by using the reduction of (2.1) to (3.1) which was formally constructed in [5] . In the following we use x as the independent variable of (2.1) and \j/ + and \jt_ as WKB solutions of (2.1).
Proposition 3d. ([1] , Proposition 1.1 and Proposition 2.4.) We can find a neighborhood U of x = 0 and an infinite series
where Xj(x) (j > 0) is holomorphic in U and satisfies the following:
(iv) There exist positive constants A, C for which the following inequality holds in U:
The following relation holds degree by degree with respect to rj:
-~{ For reader's convenience we sketch how to construct Xj(x) (see [5] , §2 for the details).
By substituting (3.8) into (3.10) and comparing both sides degree by degree with respect to n, we obtain (3.13.0) v ;
x Q \dx for the 0-th degree, and
for the ft-th degree (n > 1). Here F n (x) is a rational function of x\ (x),..., .XH-I (x). Then we find is a holomorphic solution of (3.13.0) which satisfies the required condition. Note that 2^/xo(x) coincides with s(x) defined in (2.11).
For n > 1 we can determine x n (x) recursively by solving (3.13.«). Note that in this process we must choose to ensure that X2(x) vanishes at the origin; otherwise we cannot obtain a holomorphic solution of (3.13.4) (or, at least, (3.13.6)). Due to this choice of A, we can recursively determine x n (x) which vanishes at the origin and show that F n +\(x) has an at most simple pole at the origin.
We now begin the proof of Theorem 2.1, using Proposition 3.1. To give an analytic meaning to (3.12) we first take the Borel transform of both sides. Let x = x(x,rj) be the infinite series given in Proposition 3. (ii)
where the integral in the right-hand side of (3.19) 
should be regarded as a contour integral (around the endpoint y = -s(x)).
Remark 3.3. In the following we use the following notation to specify the endpoint of the integral: In a similar way we find has singular points at y = -2^/x and at y = 2^/x, the above domain of analyticity is the best possible one we can hope.
We shall prove Proposition 3.4 in §4.1.
Next we consider the analytic continuation of iA +i #(3c, y) by using the relation (3.5) for the Borel transform ^±^( x^y ) °f WKB solutions of the canonical equation (3.1) . In order to consider the action of the operator P yo (defined by (3.26)) to both sides of (3.5), we choose the endpoint y Q to be zero; that is, we apply PQ to both sides of (3.5) to obtain In a similar way we find For the sake of simplicity we introduce the following notation: For a holomorphic function /(z) on the unit disk {z e C; |z < 1} we set and l\-l/2 Then Propositions 3.4 and 3.6 are special cases of the following: 
defines a holomorphic function in W+(r §) (resp. W-(r §)}.
Here we give only the proof of this proposition for f + (x,y) and fl l (x,y). We can prove for f_(x,y) and f^~l^2\x,y) in a similar way.
Let us begin the argument by showing the following lemma: (4.5)
Proof. Since (i) and (ii) are proved in a similar way, we only give the proof of (ii). By using the Taylor expansion /(z) = ^n>QC n z n , we have 
1-^]<1,
On the other hand
holds for any positive number t. Hence we have ERA By setting t=\/2 we obtain (i).
(ii) Since we obtain
The right-hand side of (4.19) is dominated by 1 Here we have used (4.25), (4.26), (4.27 ) and the fact that jci(x) is identically zero. By using the inequality (4.29) (which can be readily shown by induction on ra), we obtain 
